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A problem generalizing the smoothing spline problem

For constants d; > O, functionals F;, and a linear differential operator L
defined for continuous functions wy (x) by

m—1

L[] (x) = A" (x) + E wic (x) h') (x)

Heckman considers the minimization of

N
;di (yi — +?L/ h] (x) ) dx (1)

In the space of functions

derivatives of h up to order m — 1 are
A= . |a, b R

2
absolutely continuous and fab (h(”’” [X)) dx < 00




An inner product for the function space

One may adopt an inner product for .4 of the form

m—1

(g a= X 9 (2)8® (a) + [ L1710 Llg] (x) o
—0 a

and have a RKHS.

The assumption is made that the functionals F; are continuous and linear,
and thus that they are representable as F; |h| = (f;, h) 4 for some f; € A.
An important special case is that where F; [h] = h(x;), but other linear

functionals (e.g. F; |h] = fab H; (x) h (x) dx for known H;) have been used.




il Development of the reproducing kernel

A reproducing kernel implied by this choice of inner product is derivable as
follows.

First, there is a linearly independent set of functions {uy, ..., Uy} that is a
basis for the subspace of .4 consisting of those elements h for which

L [h] = 0 (the zero function). Call this subspace .49. The so-called
Wronskian matrix associated with these functions is then

W (x) = (u}?’"” (x))

m = Im

With 1
C=(W(a)W(a)')

let

Ro (x,z) =} Cjuj (x) uj (2)




Kernel development contd.

Further, there i1s a so-called Green's function associated with the operator
L, a function G (x, z) such that for all h € A satisfying h'¥) (a) = 0 for
i | B [ m—1

h(x) = / G (x,z)Lh](2)dz

Let
Rl(x,z):/bG(X,t)G(z,t)dr

The reproducing kernel associated with the inner product and L is then

R (x,2) = Ry (,2) + B [x.2)
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Decomposition of the function space

As it turns out, .4 is a RKHS with reproducing kernel Ry under the inner
product (f,g)o =Y/ = FLk) ( )g'%) (a). Further, the subspace of .4
consisting of those h W|th ) (3) =0 for k=0,1,...,m—1 (call it A4,)
is a RKHS with reproducing kernel R (x, z) under the inner product

= fab L[f](x)L|g](x)dx. Every element of 4y is L to every
element of 47 in 4 and every h € A can be written uniquely as hg + hy
for an hg € Ap and an h; € A;.

These facts can be used to show that a minimizer of (1) on Slide 2 exists
and is of the form

m

Zat;{uk (X JFZ‘B R1 Xj, X




Resulting matrix calculus problem

For h(x) of this form, criterion (1) is of the form
(Y —Ta—KB)D(Y —Ta — KB) + AB'KB
for

=u(F: [a]) o = (mpitpis - o xy) D= diag(di,..., d)
and K = (F; [Ry (-, x)])

and its optimization is a matrix calculus problem. In the important special
case where the F; are function evaluation at x;, above

Filuj] = uj (%) and Fi[Ry (-, x)] = R1 (xi, ;)




